Massive higher spin fields on de Sitter space exhibit enhanced gauge symmetries at special values of the mass. These fields are known as "partially massless." We study the structure of the charges and Gauss laws which characterize sources for the partially massless spin-2. Despite having a simple scalar gauge symmetry, there is a rich structure of gauge charges. The charges come in electric and magnetic varieties, each taking values in the fundamental representation of the de Sitter group. We find two invariant electric-like charges and two invariant magnetic-like charges and we find the point-like monopole solutions which carry these charges, analogous to the electric point charge solution and Dirac monopole solution of Maxwell electrodynamics. These solutions are related by partially massless duality, analogous to the electromagnetic duality that relates electric to magnetic charges.
Introduction
On de Sitter space, massive higher spin fields display the curious phenomenon of partial masslessness [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . At particular values of the mass relative to the de Sitter curvature, enhanced gauge symmetries appear. These gauge symmetries eliminate various lower helicity modes, leaving a field that propagates fewer degrees of freedom than a generic massive field.
The simplest non trivial example is the massive spin-2 field h µν on de Sitter space,
When the mass takes the following particular value relative to the de Sitter radius 1/H,
the theory acquires an enhanced scalar gauge symmetry
where α(x) is the scalar gauge parameter. A generic massive spin-2 propagates five physical degrees of freedom, which in the massless limit decomposes into two helicity-2 components, two helicity-1 components and one helicity-0 component. A partially massless spin-2, with the mass given by (1.2), propagates only 4 degrees of freedom, because the gauge symmetry (1.3) removes the helicity-0 component.
The partially massless spin-2 theory possesses many properties reminiscent of ordinary Maxwell electrodynamics. Free Maxwell theory is invariant under a duality symmetry, which acts to interchange the field strength with its Hodge dual: δF µν =F µν . Maxwell theory admits point sources with electric charge, which can be detected by Gaussian surfaces which are integrals of the dual field strength over 2-surfaces. It also admits point sources with magnetic charge, the famous Dirac monopoles, which can be detected by Gaussian surfaces which are integrals of the field strength over 2-surfaces. Whereas the electric point charge solution can be represented globally in terms of a gauge potential, the magnetic monopole cannot. The best one can do is to use two potentials in two separate patches which together cover the space, and which in their overlap are related by a gauge transformation. In the Maxwell theory the structure of the gauge charges is simple; a single Lorentz invariant number characterizes the electric charge, and another the magnetic charge (with a quantum mechanical quantization condition restricting their product to be proportional to an integer).
Here, we study the analogous story for the partially massless spin-2 theory. In the partially massless theory, we will see that the structure of the gauge charges is richer. The We next find point-like solutions of the partially massless equations of motion which carry these charges. There are electrically charged solutions, which are the analog of the Coulomb point charge in Maxwell. We find a two parameter family of such solutions; one parameter carries charge vectors which are spacelike and the other parameter carries charge vectors which are timelike. Then there are magnetically changed solutions, which are the analog of the Dirac monopole in Maxwell. Again we find a two parameter family of these solutions. As is the case in Maxwell electromagnetism, the electric point charge solution can be represented globally in terms of a partially massless gauge potential h µν , but the magnetic solution cannot; the best one can do is to use two potentials in two separate patches which together cover the space, related in their overlap by a partially massless gauge transformation (1.3).
Partially Massless Symmetries and Charges
We consider the partially massless spin-2 theory governed by (1.1) with the mass value (1.2).
Like the photon, the partially massless spin-2 theory possesses a one derivative field strength tensor [12] 
It is anti-symmetric in the first two indices, and vanishes upon anti-symmetrization of all three indices. It is invariant under the partially massless gauge symmetry (1.3).
The action (1.1) can be compactly written in terms of this tensor, 2) and the equations of motion away from sources can be cast as the system
In other words, the on-shell field strength tensor is divergenceless in its anti-symmetric indices, and fully traceless.
Partially Massless Duality
Partially massless fields exhibit a duality invariance analogous to electric-magnetic duality. This duality was shown to be a symmetry of the action in [13] , and is displayed in its manifestly covariant form in [14] 1 . The partially massless duality symmetry acts to interchange the field strength (2.1) with the dual field strength defined by dualizing over the antisymmetric indices
The partially massless field strength (2.1) satisfies a differential Bianchi identity ∇ [ρ F µν]λ = 0. In addition, it satisfies the algebraic identity F [µνλ] = 0. By contracting with the epsilon tensor these two identities can be cast in terms of the dual field strength, where they become
These Bianchi identities along with the field equations (2.3) form a set manifestly invariant under the duality transformation
As with electromagnetism, duality acts to interchange the field equations with the Bianchi identities.
1 Duality exists in other free massless fields, including higher p-forms [15] [16] [17] , linearized gravity [18] [19] [20] and higher spins [21] [22] [23] [24] [25] . 2 Here and below, µναβ is the standard curved space epsilon tensor for the spacetime background we are considering, µναβ = √ −g˜ µναβ with˜ µναβ the totally antisymmetric epsilon symbol with˜ 0123 = 1.
Duality implies that the theory can be equivalently cast in terms of a dual "magnetic" partially massless potentialh µν , non-locally related to the original "electric" variable h µν , with its own dual magnetic partially massless gauge symmetry δh µν = ∇ µ ∇ να + H 2 g µνα , whose field strength is the dual field strength (2.4).
Partially Massless Charges
Before looking for point-charge solutions to the partially massless equations of motion, we first identify the conserved charges of the theory which the solutions will carry. The result is surprisingly rich, in part because the partially massless charges stem from the gauge symmetry (1.3) rather than an ordinary global symmetry. The symmetries are an example of generalized global symmetries [26, 27] , and lead to 2-form conserved currents.
Non trivial ordinary global symmetries are in one-to-one correspondence via Noether's theorem with non trivial conserved currents, which are 1-forms. The conserved charge is obtained by integrating the dual of the 1-form current over a D − 1 dimensional surface.
The conservation of the current and Stokes theorem imply that the value of the integrated charge is independent of deformations of the surface. The canonical example is to take the surface to be the space-like t = 0 surface. Conservation of charge is then the statement that we may deform this surface to any value of t and the result will be the same.
Gauge symmetries, on the other hand, can lead to 2-form symmetries, which are non trivial conserved 2-form currents. The associated charges are obtained by integrating the dual of the 2-form current over a D − 2 dimensional surface, i.e. a Gaussian surface. Via a generalization of Noether's theorem, non trivial 2-form currents are in one-to-one correspondence with non trivial "reducibility parameters" of the gauge symmetry. A reducibility parameter is a value of the gauge parameter for which the gauge transformation vanishes.
The electric and magnetic charges in free Maxwell electromagnetism are the simplest example of this phenomenon 3 (see Appendix B.1).
To find the reducibility parameters for the partially massless charges, we must find the space of functions α(x) for which the gauge transformation (1.3) is trivial, that is, we must 3 In theories with only asymptotic reducibilities, such as Yang-Mills and gravity on symmetric backgrounds, the corresponding charges are defined by surface integrals at infinity [28] [29] [30] [31] .
find the general solution to the equation
It turns out to be quite simple to find the general solution by rewriting (2.7) in terms of the ambient-space formulation of de Sitter as a hyperboloid embedded in a five dimensional
Minkowski space [32, 33] . In terms of the embedding space coordinates X A (see Appendix A), the equation (2.7) becomes simply Pulling back to the de Sitter space we have
For instance, in global de Sitter coordinates the reducibility parameters are the expressions (A.3), and in static coordinates they are the expressions (A.5).
To each reducibility parameter there corresponds a 2-form conserved current. Generalizing the methods of [26] to de Sitter space, we find that this current is given in terms of the gauge invariant field strength (2.1) by
It is straightforward to see that this is conserved on the equations of motion (2.3): differentiating, we have two terms, There are five conserved "electric" charges, one for each reducibility parameter, obtained by integrating the dual of the current over some 2-surface
Like electric charge, these charges are independent of deformations of the 2-surface used to integrate, depending only on the charges enclosed. Unlike electric charge, they are not invariant under spacetime transformations, rather these charges transform as a vector in the fundamental representation of the de Sitter isometry group SO(4, 1).
Similarly, there are five conserved "magnetic" charges, one for each reducibility parameter of the dual "magnetic" partially massless symmetry, obtained by integrating the current over some 2-surface
Like the electric charges, they transform in the fundamental representation of the de Sitter isometry group SO(4, 1) and are independent of deformations of the 2-surface used to integrate.
In analogy to the Dirac quantization condition, we expect there to be a quantum mechanical consistency condition which results in a de Sitter invariant quantization relation between the electric and magnetic partially massless charges,
where η AB is the invariant tensor of the fundamental representation of SO(4, 1), which can be thought of geometrically as the metric of the five dimensional Minskowski embedding space. A similar relation exists in other cases where duality is present [34] [35] [36] [37] [38] [39] [40] .
Monopole Solutions
We now turn to finding solutions which carry these partially massless charges. We look for solutions which are regular everywhere except along a singular world-line which can be thought of as a source carrying the charges.
Electric Monopoles
We start by looking for electric monopole-like solutions which carry only the electric type charges (2.11). We begin by working in static coordinates with the metric (A.6). If we look for a spherically symmetric and static solution,
it is straightforward to show from the partially massless equations of motion that there are no solutions that lead to a non-zero F tensor, so there are no solutions of this type other than pure gauge solutions. This remains true if we allow for an off-diagonal h tr component depending only on r.
To find non trivial solutions, we must allow for a specific time dependence. Given an ansatz which is a linear combination of the expressions
we find the space of solutions
which for later convenience we have arranged to be spanned by the given linear combinations with two arbitrary constants q 0 and q 1 . This solution gives a non trivial field strength F µνλ 4 In fact there is another independent solution
but there is also a residual gauge transformation that preserves our ansatz, the transformation (1.3) with
This residual symmetry generates (3.2), and we may fix the residual symmetry by using it to eliminate this solution.
whose components are given by
with the other components related by antisymmetry of the first two indices.
We want to compute the conserved charges associated with this solution. We must evaluate the conserved 2-form current (2.10) for various choices of the reducibility parameters described in Section (2.2), which are given in static coordinates by the expressions (A.5).
For
we find
Despite the non trivial r and t dependence of both the field strength tensor and the reducibility parameter, we see that they conspire to give a two-form current which is independent of time with precisely the geometric ∼ 1/r 2 dependence required for the surface integral of the dual to be independent of surface.
Integrating the dualj 0 µν over any two sphere surrounding the origin gives the total "0-charge" of our solution,
we have 10) which gives the "1-charge,"
For the remaining charges we have 12) and doing the surface integrals we can straightforwardly see that all the remaining charges are zero,
We can also compute the magnetic charges (2.12), and we find that they all vanish, 14) so the solutions we have are purely electric.
As mentioned in Section 2.2, the charges Q A E take values in an SO(4, 1) vector. We have found a two-parameter family of solutions, reflecting the freedom for the charge vector to be either timelike or spacelike (with respect to the SO(4, 1) invariant η AB of the fundamental representation). The solutions proportional to q 0 have a timelike Q A E and the solutions proportional to q 1 have a spacelike Q A E . We can thus obtain a solution with any value of the Q A E by performing a de Sitter transformation on one of our solutions.
We have displayed the solutions in static coordinates. Transforming to global coordinates using (A.7), we find that the components of the gauge potential (3.4) generally blow up at the horizon of the static patch. However this blow up is pure gauge, because the field strengths (3.5) are regular at the horizon and extend smoothly over the entire global de Sitter,
The only places where this field strength blows up are the north and south poles, χ = 0 and χ = π respectively, reflecting the presence of the partially massless charge and a compensating mirror charge at the opposite pole. The presence of this additional charge is necessary because global de Sitter has spatial sections which are compact 3-spheres. This puts a constraint on the allowed charges. If we have a charged object at the north pole, then a 2-surface surrounding this charged object can also be interpreted as a 2-surface surrounding all the rest of the 3-sphere. Thus there must be other charged objects present, such that their total charge balances that of the charge at the north pole. The total charge of all objects on the spatial 3-sphere must be zero. Figure 1 shows a global view of the solution.
(See Appendix B.3 for the analogous case of electromagnetism on de Sitter.)
In fact, one can find a corresponding potential in global coordinates that is regular everywhere except at the poles, whose field strength yields (3.15), The worldlines of the sources lie on the north pole at χ = 0 and the south pole at χ = π. The right shows a spatial S 3 slice. χ is latitude and φ is longitude (φ is suppressed). The S 2 integration contour along the equator at χ = π/2 can be interpreted as enclosing either of the two charges, so they must be equal and opposite.
Magnetic Monopoles
Next we look for magnetic monopole-like solutions which carry only the magnetic type charges (2.12). The magnetic solutions should have a field strength which is the dual of the electric solutions' field strength. Thus we wish to find an h µν whose field strength is the dual of the F µνλ of the previous section. As is the case with the Dirac monopole, we will need two different solutions to cover the northern and southern hemispheres. We find the two parameter family, in static coordinates,
with the other components zero or related by symmetry. The solution h + µν covers everything except the south poles of the spheres parametrized by θ, φ, and h − µν covers except the north poles. In the overlap region away from the poles, these solutions are related by a partially massless gauge transformation,
The field strength of (3.17) is the dual of the field strength (3.5) with q 0 , q 1 ↔ g 0 , g 1 .
The conserved 2-form is simply the dual of the conserved two form of the electric solution, and it is straightforward to see that the magnetic solutions will have non-vanishing magnetic charges and vanishing electric charges
Sources
We end this section with a brief discussion of charged sources in the partially massless theory.
We wish to verify that our point charge solutions can indeed be generated by sources in the theory. Consider the partially massless theory (2.2) coupled to a non-dynamical source T µν ,
In order for this coupling to maintain the partially massless symmetry (1.3), the source must obey the following conservation law,
To make contact with the previous sections, let us look for solutions to this equation for an isotropic source. Taking a spherically symmetric ansatz with a time dependence mirroring that of our monopole solutions, we find In the presence of a source, the equations of motion no longer yield F λµ µ = 0 and the conserved current (2.10) is modified,
On-shell, the divergence of this 2-form current can be written in terms of the source as
Using the conservation equation (3.22) , it is straightforward to see that the divergence of this expression vanishes:
If we plug our isotropic source (3.23) into the above expression we find that
Again we see that the currents are time independent, in spite of the non trivial time dependence of the source (3.23). In particular, for a point-like source, i.e. for 28) we see that we can identify the constants c 0 and c 1 with the charges q 0 and q 1 respectively, up to an overall factor. This is because the volume integrals of j 
Flat Space Limit
We can better understand the partially massless charges by considering the flat space limit of the theory. We take this limit so that both m and H go to zero in a way that preserves the necessary condition for the partially massless symmetry m 2 = 2H 2 . The resulting theory is that of a free, massless spin-2 field and and a free, massless spin-1 field. This theory has an enhanced gauge symmetry compared to the partially massless theory: it has linearized diffeomorphism invariance as well as the usual U (1) gauge symmetry of electromagnetism.
To study what happens to the partially massless charges, we can consider the equation (2.7) for the reducibility parameters in this limit,
The five solutions to this equation are given by α µ = x µ and α = const. The first four of these are a subset of the gauge charges associated with linearized diffeomorphism invariance. The equation for the reducibility parameters of linearized diffeomorphism invariance is ∂ (µ ξ ν) = 0, which has the solutions ξ µ = ∂ µ α with α ν = x ν . These are the four reducibility parameters associated with 4-momentum conservation. Thus we can associated four of the partially massless charges with the 4-momentum in the flat space limit. The invariant sum of the squares of the charges would of course be the mass.
The remaining reducibility parameter α = const is not associated with diffeomorphism invariance since it would correspond to ξ µ = 0. Instead, it is associated with the gauge charge of the U (1) symmetry, i.e., with the electric charge, as the reducibility equation is ∂ µ α = 0 .
By considering the sourced theory, we can readily see that, in the flat space limit, the "timelike" partially massless charge q 0 is associated with the mass while the "spacelike" charge q 1 is associated with the electric charge. We perform the usual Stückelberg trick (see, e.g., [41] ) in order to isolate the helicity-2 and helicity-1 modes of the partially massless graviton (note that we need not introduce a helicity-0 field because it is eliminated by the partially massless symmetry),
Here we have canonically normalized the helicity-1 field A µ . The coupling to T µν is thus:
which we can write as
with
If we then take the flat space limit of the sources (3.23) and (4.5), we can identify 
Thus, at least in the context we are considering here, it appears that we can identify q 0 with mass and q 1 with electric charge in the flat space limit.
Discussion
The partially massless spin-2 theory has been of interest as a possible gravitational theory. If our graviton were described by a partially massless spin-2, the relation (1.2) which is enforced by the partially massless gauge symmetry (1.3) would fix the value of the cosmological constant relative to the value of the mass of the graviton, which can itself be small in a technically natural sense due to the enhanced diffeomorphism invariance of general relativity at m = 0 [42, 43] . However, there are various no-go results which make it difficult to realize a fully non-linear theory containing a partially massless mode [32, [44] [45] [46] [47] [48] [49] .
In the case of Maxwell electromagnetism, a non-linear realization is given by an SU (2) gauge theory spontaneously broken to U (1) by the VEV of an adjoint Higgs. The Dirac monopole of the U (1) theory is resolved into the 't Hooft-Polyakov monopole of the SU (2) theory [50, 51] . It might be expected that a potential non-abelian partially massless theory which realizes or completes a partially massless spin-2 would also contain solitonic solutions which resolve the monopole solutions found here. A Coordinates on dS 4
Four dimensional De Sitter space of radius 1/H can be described as the subset of points embedded in a five dimensional Minkowski space, (
, the hyperbola of one sheet satisfying
with the metric induced from the usual flat Minkowski metric on R 1,n . The line of points intersecting the planes X 0 , X 2 , X 3 , X 4 = 0 and having X 1 > 0 is called the north pole, those having X 1 < 0 the south pole. The scalar curvature R and cosmological constant Λ are
Global coordinates cover the entire space and are given by the embedding
The coordinate ranges are T ∈ (−∞, ∞), χ ∈ (0, π), and (θ, φ) ∈ S 2 . The metric is
T is a time coordinate, and χ, θ, φ are angles on a spatial 3-sphere, where constant χ lines are S 2 's parametrized by θ, φ. The north pole is at χ = 0 and the south pole is at χ = π.
Static coordinates cover only the region X 1 > |X 0 |. The embedding is given by
The coordinates ranges are t ∈ (−∞, ∞), r ∈ (0, 1/H), and (θ, φ) ∈ S 2 . The metric is
The north pole is at r = 0, and the horizon of the static patch is at r = 1/H.
The static coordinates are embedded in the global coordinates as
see Figure 2 .
B Review of Electromagnetic Monopoles and Charges

B.1 Electromagnetic Charges
Electric and magnetic charges in free Maxwell electromagnetism are not conserved charges corresponding to an ordinary symmetry via Noether's theorem. Rather they are 2-form symmetries, as described in Section 2.2.
Maxwell electromagnetism has the gauge symmetry for which (B.1) vanishes. These are simply the constant values of the gauge parameter, Λ = const. Thus the space of reducibility parameters is one dimensional, and there is one associated non trivial conserved 2-form current which happens to be the field strength F = dA,
It is conserved by virtue of the source free Maxwell's equations ∂ µ F µν = 0. The electric charge of a source is then given by
where S 2 wraps the world-volume of the source andF µν ≡ 1 2 ρσ µν F ρσ is the Hodge dual.
In four dimensions, electromagnetism possesses electromagnetic duality [52, 53] . Electromagnetic duality is a symmetry of the sourceless Maxwell theory [18, 54] . When acting on the field strength, duality symmetry acts to transform the field strength to its dual, δF µν =F µν . There is a magnetic gauge potentialÃ whose field strength isF , and a dual gauge symmetry which acts onÃ. Associated with the reducibility parameter of the dual gauge symmetry, there is a magnetic 2-form current given by the dual of the electric 2-form current,
It is conserved by virtue of the Bianchi identities of the free Maxwell's equations dF = 0 → ∂ µF µν = 0. The magnetic charge of a source is then given by
where S 2 wraps the world-volume of the source.
There are basic point-like solutions of the Maxwell equations which can be thought of as Wilson lines or 't Hooft lines in the theory, charged under the electric or magnetic symmetries respectively. These solutions are the electric point charge and Dirac monopole solutions, which we review next.
B.2 Flat Space Monopoles
For the electric solution in flat Minkowski space, we have, in spherical coordinates,
with q a constant. UsingF = q sin θ 4π dθ ∧ dφ, the electric charge is
and the magnetic charge vanishes,
The solution can be represented globally as F = dA using the gauge potential
For the magnetic solution, we have, in spherical coordinates,
This is the Hodge dual of the electric solution (B.6), with q ↔ g. The magnetic charge is
and the electric charge vanishes,
As is well known, the magnetic solution cannot be represented globally by a single electric gauge potential (i.e. F is closed but not globally exact). Instead we need at least two potentials defined in two charts that together cover the space, for example
A + covers everything except the south pole of the θ, φ spheres, and A − covers everything except the north pole. In the overlap region they differ by a gauge transformation,
(B.14)
Quantum mechanically, there is a Dirac quantization condition that fixes the product of the possible electric and magnetic charges of sources to be integers 6 , eg = 2πn , n ∈ integers. (B.18)
B.3 de Sitter Space Monopoles
The partially massless fields live on de Sitter space, so to make a better comparison we now find the de Sitter space versions of the Maxwell electric and magnetic monopoles. (The corresponding non-abelian versions have been extensively studied [55, 56] .) They show new non trivial features due to the closed spatial slices of global de Sitter. 6 One way to get the famous Dirac quantization condition is to couple in a point particle or a Wilson line, with action S = e A = e dτ A µ (X(τ )) dX µ dτ , where the integral is over the world-line X µ (τ ). We impose the condition that the path integrand, e iS , be gauge invariant, and hence independent of the choice of A. which is regular at the horizon and is well defined over the entire global de Sitter space except for the north and south poles. The original charge is at the north pole, and we see that there is another source at the south pole, with an equal and opposite charge, satisfying the Gauss-law constraint that the total charge on the compact spatial 3-spheres must be zero (see Figures 1 and 3) .
The magnetic solution depends only on θ, φ, dθ, dφ, and so the expression goes unchanged into global dS,
Again, there is a magnetic charge at the south pole which compensates for the magnetic charge at the north pole. 
